Abstract. We provide an explicit formula for Seshadri constants of any polarizations on rational surfaces X such that dim |−K X | ≥ 1. As an application, we discuss relationship between singularities of log del Pezzo surfaces and Seshadri constants of their anticanonical divisors. We also give some remarks on higher order embeddings of del Pezzo surfaces.
introduction
We consider projective varieties over an algebraically closed field K throughout this note.
The following criterion for ampleness is called Seshadri's criterion ( [12] Theorem 1.4.13.). This criterion leads us to define the following invariants for ample line bundles which are called Seshadri constants. Definition 1.2. Let X be a projective variety, L be an ample line bundle on X and take x ∈ X. We define the Seshadri constant of L at x to be
; C ⊂ X is a reduced irreducible curve through x .
Remark 1.3. It is well-known that ǫ(L, x) = max{s ∈ R; µ * x (L) − sE x is nef} where µ x : X(x) → X is the blow-up at x and E x := µ −1
x (x) is the exceptional divisor . Remark 1.4. We have ǫ(kL, x) = kǫ(L, x)(∀k ∈ Z >0 ). Since ǫ(L, x) depends only on the numerical class of L, we can define ǫ(L, x) for a nef R-divisor L. Then, ǫ L takes constant value at a very general point x. We write this value ǫ gen (L).
Seshadri constants are called local positivity of ample line bundles on projective varieties. It was defined by Demailly [7] in the beginning of 90's in order to study 1 generation of jets of line bundles. For example, Seshadri constants measure k-jet ampleness of ample line bundles. See the last section for detail.
Unfortunately, Seshadri constants are hard to compute, even for surfaces. There are many papers on explicit computations of Seshadri constants, for example, [1, 2, 3, 4, 6, 9] . In this note, we give an explicit formula for Seshadri constants on rational surfaces X with dim | − K X | ≥ 1 (Theorem 1.6) .
Seshadri constants sometimes have interesting geometric consequences. Nakamaye [13] established the fascinating result about Seshadri constants on abelian varieties which asserts that, if an abelian variety X posseses an ample line bundle L whose Seshadri constant is 1, then this abelian variety splits into a product of an elliptic curve and a (dim X − 1)-dimensional abelian variety.
We try to get such a result in the case of log del Pezzo surfaces. As an application of our explicit formula, we get a consequence by which we can get information of singularities of log del Pezzo surfaces through Seshadri constants of their anticanonical divisors. Here, log del Pezzo surfaces are normal projective surfaces with only quotient singularities with ample anticanonical bundles.
1.1. The statement of the explicit formula. First, we give an explicit formula for Seshadri constants of arbitrary ample line bundles on rational surfaces X such that dim | − K X | ≥ 1. Since X is a rational surface, there is a composition of one-point blow-ups
for some integers r, n ∈ Z ≥0 . Here we put F 0 := P 2 and F n is the n-th hirzebruch surface. We treat three cases.
(1) n = 0, 1, i.e. X is a blow-up of P 2 . (2) n ≥ 2 and r ≥ n − 1. (3) n ≥ 2 and r ≤ n − 2.
In this subsection, we state the formula in the case (1). The case (2) reduces to the case (1) and the case (3) is easy. We explain this in Section 3.3.
Let µ : X → P 2 be a composition of blow-ups
where µ i : X i+1 → X i is the blow-up at x i ∈ X i . Now, we assume that
This is satisfied if r ≤ 8 or if X is a rational elliptic surface with a section, for example.
be an ample divisor on X where
i (x i )(i = 1, . . . , r) are the exceptional divisors and ν i := µ i • · · ·• µ r . We assume that L is primitive, i.e. there is no integer c ≥ 2 such that c|a, c|b 1 , . . . , c|b r . For s ∈ Z >0 , put
and, for (α; β) = (α; β 1 , . . . , β r+1 ) ∈ Ψ r+1 , put
Here is the explicit formula for ǫ(L, x). (1) If r = 8, 9 and
For M > 0, we put
,
is also a finite set because C := (µ 
Then we have
1.2.
The consequence of the formula. The following is the consequence of Theorem 1.6 Theorem 1.9.
(1) Let X be a log del Pezzo surface such that K 2 X = 9. Then, the following are equivalent; We also give some remark on higher order embeddings of del Pezzo surfaces in Section 5.
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notations
Let X be a smooth projective surface. Put N 1 (X) := (Pic(X) ⊗ Z R) / ≡ where ≡ means numerical equivalence. Let N E(X) ⊂ N 1 (X) be the closure of the convex cone generated by classes of effective curves and Nef(X) ⊂ N 1 (X) be the convex cone generated by classes of nef divisors. For
(−m)-curve) if it is represented by an effective divisor (resp. an irreducible divisor).
3. proof of the formula 3.1. Preparation. First, the following fact about the effective cones of anticanonical rational surfaces is fundamental for us.
The next proposition reveals the type of negative curves on anticanonical rational surfaces.
Lemma 3.2. Let X be an anticanonical rational surface and C ⊂ X be an irreducible curve such that
is the arithmetic genus of C. Therefore we get C ≃ P 1 and
Let X be an anticanonical rational surface. By Fact 3.1 and Lemma 3.2, since (−1)-class is always effective, we have
where, for D ∈ Pic X, we put
Recall that ǫ(L, x) = max{s ∈ R; µ * x L − sE x : nef}. By the equality (2), there
Therefore we have
We can use B x (L) because, for D ∈ Pic X and β r+1 ≥ 2 such that the linear system |µ *
We say that
Therefore, for a fixed L, it is enough to consider the L-candidate classes. In general, there are infinitely many (−1)-classes or (−2)-classes on X(x). But, Lemma 3.4 shows that it is enough for computing ǫ(L, x) to consider finitely many L-candidate (−1)-classes and (−2)-classes.
3.2.
The case when X is a blow-up of P 2 . Let X be a blown-up P 2 as in Section 
Proof. If r ≤ 7, this lemma is trivial, because there are only finitely many (−1)-classes or (−2)-classes on X(x). So we assume r ≥ 8. Let us prepare notations first. For (α; β) = (α; β 1 , . . . , β r+1 ) ∈ R r+2 , put
For (α; β) ∈ Φ r+1 , let l (α;β) ⊂ R r+1 be the line which passes through O := (0, . . . , 0) ∈ R r+1 and satisfies l (α;β) ⊥ H (α;β) . Put O (α;β) := α α 2 +1 (β 1 , . . . , β r+1 ) = l (α;β) ∩H (α;β) . Let l ′ (α;β) be the line through P α and O (α;β) . Note that l (α;β) ⊥ l ′ (α;β) . Let P 1 (α; β), P 2 (α; β) ∈ R r+1 be points such that l ′ (α;β) ∩S =1 = {P 1 (α; β), P 2 (α; β)} where P 1 (α; β) ∈ Neg (3;1,...,1) and P 2 (α; β) / ∈ Neg (3;1,...,1) . z 2 ) be the distance between z 1 and z 2 . By elementary computations, we can see that
, then P (a; b) ∈ Neg (α;β) and moreover P (a; b) lies between H (α;β) and H (
(β 1 , . . . , β r+1 )}. So we have
And we have d(P (a; b), H (α;β) ) =
because b i ∈ Z(∀i).
Therefore √ α 2 + 1 + α ≤ a and we get the result. 
is not (−m)-curve, then µ x (D ′ ) ∈ | − K X | is irreducible and mult x (µ x (D ′ )) = 2 and this happens only if X is the blow-up of P 2 and r = 8, 9. By this fact, the equality(3), Lemma 3.4, and Remark 3.6, we get Theorem 1.6.
3.3.
The case when X is a blow-up of F n . Let n ≥ 2 be an integer and µ : X → F n be a composition of blow-ups
where h is the class of the minimal section of F n and f is the fiber class. First, consider the case r ≥ n − 1. Recall the equality(3). Since (−1)-classes are always effective, A(L) can be computed by taking X such that X n → X 1 is a blow-up at x 1 , . . . , x n−1 ∈ F n which are not on the negative setion and are on distinct fibers f 1 , . . . , f n−1 respectively, and such that X has a birational morphism
is the blow-up at distinct (n − 1)-points on E
as follows;
. Then it is easy to see that
So, we can get the similar formula of ǫ(L, x) for this X as in the case of blown-up P 2 's. Next, consider the case r ≤ n − 2. In this case, L-candidate (−1)-class on X(x) is ν * x f − E x where ν x := µ • µ x and E x := µ −1
x (x). And, for m ≥ 2, L-candidate (−m)-classes on X(x) are the classes of the strict transform of (−m + 1)-curves on X through x. Therefore, ǫ(L, x) = min{b, min{L · E; E ⊂ X : irreducible curve, E 2 ≤ −1, x ∈ E}}.
Note that E in the second term is the strict transform of a fiber or the minimal section on F n or the irreducible component of some E i .
3.4.
Corollaries. Let X be a blown-up P 2 as in Section 1.1.
Proof. dim Z = 0 is well known. For Θ ∈ | − K X | and (α; β) ∈ Ψ r+1 , we can see that Θ ∩ ∆ (α;β) is a finite set. Therefore dim ∆ (α;β) ≤ 1. And the union of all (−m)-curves (∀m ≥ 1) are not the whole X. So we get the result by Theorem 1.6.
In particular, we get the following.
Corollary 3.8. Let X be a rational surface such that dim | − K X | ≥ 1 and −K X is nef. Put r := 9 − K 2 X . Then,
where a r is the number defined in Remark 3.9.
Remark 3.9 ( [6]). If µ : X = X r+1 → P 2 is the blow-up at general r points, then
(r = 7) 1 (r = 8)
We put a r := ǫ gen (−K Xr+1 ) (r = 1, . . . , 8) .
Remark 3.10. Let X be a smooth projective variety and fix an ample line bundle Let X be a blown-up
We have infinitely many closed sets ∆ (α;β) where ǫ(L, x) may drop down. But, in fact, ǫ(L, x) drop down properly on finite of these. For L such that r+1 i=1 bi a = 3, we see that {(α; β) ∈ Ψ r+1 ; P (a; b) ∈ Neg (α;β) } is a finite set by arguments similar to Lemma 3.4 (1) . For L such that r+1 i=1 bi a = 3, we see that {(α; β) ∈ Ψ r+1 ; P (a; b) ∈ Neg (α;β) } is a finite set by arguments similar to Lemma 3.4 (2) . If there are infinitely many (−2)-curves on X, the same reasoning works. So, D(L) := {x ∈ X; ǫ(L, x) < ǫ gen (L)} is a closed set.
Seshadri constants and singularities of log del Pezzo surfaces
Seshadri constants have lower semicontinuity with respect to deformation in the following sense. Proposition 4.1. Let f : X → T be a flat projective morphism of algebraic varieties, s : T → X be a section of f i.e. f • s = id T and L be a f -ample invertible sheaf on X . Assume f is smooth along s(T ). Then,
is a lower semicontinuous function. Here T ct = T as a set and the topology of T ct is determined by the rule that the closed subsets of T ct are countable unions of Zariski closed subsets of T . Now, let X be a log del Pezzo surface which has Q-Gorenstein smoothing i.e. there is a flat projective morphism f : X → T ∋ 0 such that −K X /T is Q-Cartier, f -ample, X 0 ≃ X, and X t (t = 0) are smooth. Then, by Proposition 4.1, we have
The following question is the main subject of this section. Problem 4.2. Determine X such that equality holds in the above inequality.
Remark 4.3. It is known that, for log del Pezzo surfaces X, X have Q-Gorenstein smoothing if and only if X has only T-singularities, i.e. X has only Du Val singularities or cyclic quotient singularities of type We answer problem 4.2 when 4 ≤ K 2 X ≤ 9. In these cases, we don't need the assumption that X has only T-singularities.
Theorem 4.4.
(1) Let X be a log del Pezzo surface such that K 2 X = 9. Then, the following are equivalent; Z(k 1 , . . . , k m ) is the log del Pezzo surface constructed as follows; Let z 1 , . . . , z m ∈ l ⊂ P 2 be the distinct points on a line l. Let
be the composition of blow-ups φ i at some y i ∈ Y i which we define as follows.
We can write Proof. Let ν : Y → X be the minimal resolution of X. We can write
where
Suppose X has only canonical singularities. Since a i = 0(∀i), we have ǫ gen (−K X ) = ǫ gen (−K Y ) = 2 by Corollary 3.8. Suppose X = Z(k 1 , . . . , k m ). We can compute ǫ gen (−K X ) = 2 by Theorem 1.6. Thus (b) implies (a) both in (1), (2) .
Suppose X has a non-canonical singularity. And suppose K 2 X = 4, 5, 6, 7, 8. Case1) Suppose Y has a birational morphism
where ρ i is the blow up at y i ∈ Y i and we put
be the line through χ(y), y 1 ∈ P 2 and l 1 (y) ⊂ Y be its strict transform. Then, since
and so ǫ gen (−K X ) < 2. Next, assume that there exists F j0 such that F i (y i ). Then it can be shown that there exists F j1 such that a j1 > 0, α (j1) = 0 and F j1 is the strict transform of some E ′ i1 (1 ≤ ∃i 1 ≤ s). Put l i1 (y) ⊂ P 2 be the line through y and y i1 and l i1 (y) ⊂ Y be its strict transform. Then, similarly as above, we get
and so ǫ gen (−K X ) < 2.
Finally, assume that all F j such that F = 0, then we can assume that E ′ 1 is one of the F j ′ (j ′ = j) and a j ′ > 0. Then we can show ǫ gen (−K X ) < 2 by the similar method as above using l 1 (y). Case 2) Otherwise Y has a birational morphism χ : Y → F n for some n ≥ 3. We can assume that F 1 is the strict transform of the minimal section X 0 and so . This X has a non-Tsingularity. So we can't give a proposition like Theorem 4.4 without an assumption of T-singularity when K 2 X = 3. We found some log del Pezzo surfaces X with only T-singularities such that K 2 X = 3 and ǫ gen (−K X ) = 3 2 . But we think there are few such X.
Higher order embeddings of del Pezzo surfaces
We start this section by reviewing notions of higher order embedding. Let X be a smooth projective variety, L be an ample divisor on X and k ∈ Z ≥0 . ) is surjective. L is said to be k-jet ample on X if it is k-jet ample on each such Z in X.
We introduce the following invariants associated to X and L; Put v(L) := min{k ∈ Z ≥0 ; L is not k-very ample} − 1, j(L) := min{k ∈ Z ≥0 ; L is not k-jet ample} − 1. So we get the result by Fact 5.4. Suppose r = 8. Note that (α; β 1 , . . . , β 9 ) ∈ Ψ 9 such that β 9 ≥ 2 satisfies that (α ′ ; β ′ 1 , . . . , β ′ 9 ) := (α; β 1 , . . . , . . . , β 9 ) − (β 9 − 1)(3; 1, . . . , 1) = (α − 3β 9 + 3; β 1 − β 9 + 1, . . . , β 8 − β 9 + 1, 1) ∈ Z 10 is also contained in Ψ 9 . This (α ′ ; β ′ 1 , . . . , 1) satisfies
.
So the terms (α; β 1 , . . . , β 9 ) ∈ Ψ 9 such that β 9 ≥ 2 are unnecessary in the equality on the top and we get So we get the result by Fact 5.4
